Abstract. Generalized Robertson-Walker spaces constitute a quite important family in Lorentzian geometry, therefore it is an interesting question to know whether a Lorentzian manifold can be decomposed in such a way. The existence of a suitable vector field guaranties the local decomposition of the manifold, but the global one is a delicate topological problem. In this paper, we give conditions on the curvature which ensure a global decomposition and apply them to several situations where local decomposition appears naturally. Finally, we study the uniqueness question, obtaining that the de Sitter spaces are essentially the only complete Lorentzian manifolds with more than one decomposition. Moreover, we show that the Friedmann Cosmological Models admit an unique Generalized Robertson-Walker decomposition, even locally.
Introduction
If I ⊂ R is an open interval, f ∈ C ∞ (I) and (L, g 0 ) a Riemannian manifold, the product manifold I × L furnished with the metric g = −dt 2 + f (t) 2 g 0 is called a Generalized Robertson-Walker space, GRW space in short, and is denoted I × f L. These spaces were introduced in [1] and they have been widely studied since then. It is well known that if a Lorentzian manifold admits a timelike, irrotational and conformal vector field, then it is locally a GRW space, [9, 15] , but the presence of such a vector field does not allow us to decide if the decomposition is global, even in relatively simple manifolds, see example 2.6. This local decomposition appears in many situations, but the analysis of the global one involves rather delicate topological considerations ( [2] , page 118).
In this paper we study purely geometric conditions to achieve a global decomposition as a GRW space. The key is to analyze the periodicity of the norm of the vector field along its integral curves, which is related to some sign properties of the Ricci curvature and to certain inequalities involving the lightlike sectional curvature. This allows us to give a global version of Karcher's theorem (an analogue to Schur's lemma).
We apply the above ideas to obtain global GRW decompositions from local ones. For example, any Robertson-Walker space is a perfect fluid, so it is natural to find out under what conditions a perfect fluid is a Robertson-Walker space. For this, the pressure and density functions must be related by a second order differential equation and the theorem obtained is of a singularity flavor, i.e. the manifold is globally a Robertson-Walker space or it is incomplete. Other situation is suggested by photon surfaces in General Relativity, which are timelike totally umbilic submanifolds, [3] . In a local GRW space, photon surfaces inherit the local GRW structure of the ambient space. We study how far they are in fact global GRW spaces.
Finally, we investigate the GRW decomposition uniqueness obtaining that the de Sitter spaces are the unique complete Lorentzian manifolds with more than one (with non constant warping function) GRW decomposition. On the other hand, in a non necessarily complete manifold, if the ligthlike sectional curvature is not zero for any degenerate planes at a point p, then there is at most one local GRW structure in a neighborhood of p.
The non complete case is interesting in Cosmology. In fact, Friedmann spaces are incomplete GRW spaces with a distinguished family of comoving observers which physically represents the average evolution of the Galaxies in the spacetime. From a mathematical point of view, comoving observers are the integral curves of the unitary of a timelike irrotational and conformal vector field which gives the global decomposition as a GRW space. Since the ligthlike sectional curvature of the Friedmann spaces is always positive, this decomposition is unique, even locally, which means that the Friedmann mathematical representation of the Galaxy evolution is unambiguous.
Global Generalized Robertson-Walker decompositions
Let (M, g) be a connected Lorentzian manifold with dimension n > 1 and E a timelike, unitary, complete and irrotational (curl E = 0) vector field. We call Φ the flow of E, ω the metrically equivalent one-form to E and L p the orthogonal leaf through p ∈ M . It follows that L E ω = d • i E ω + i E • dω = 0, thus Φ is foliated, i. e. Φ t (L p ) ⊂ L Φt(p) for all t ∈ R, and the map Φ : R × L p → M is a local diffeomorphism which is onto for all p ∈ M . Usually, we will drop the point of L p and will write simply L. Since Φ identifies ∂ ∂t with E, we have Φ * g = −dt 2 + g t , where g t is a metric tensor on L p for each t ∈ R and g 0 = g |L p .
Lemma 2.1. If E is a timelike, unitary, complete and irrotational vector field, then the map Φ : [12] . There is a geodesic α : [0,
Differentiating and using that Φ is foliated, it is easy to see that t 1 (s) − t(s) = c ∈ R. Therefore it exists lim s→s0 α(s) and the geodesic α is extendible.
Let i : L → M be the inclusion map. The induced maps in homotopy i # and Φ # are equal, thus i # is injective and π 1 (L) may be considered as a subgroup of π 1 (M ). On the other hand, Φ is injective (and thus a global isometry) if and only if an integral curve of E meets the orthogonal leaves at only one value of its parameter. This fact will be used frequently in this paper. Lemma 2.2. Let (M, g) be a non compact Lorentzian manifold and E a timelike, unitary and irrotational vector field with compact orthogonal leaves. Then M is isometric to (I × L, −dt 2 + g t ), where I ⊂ R is an open interval and L is a compact Riemannian manifold.
Proof. Let A be the domain of Φ (the flow of E), L an orthogonal leaf and (a, b) ⊂ R the maximal interval of R such that (a, b) × L ⊂ A. We claim that it is the maximal definition interval of each integral curve with initial value on L. Indeed, suppose
(p0) is onto, and therefore a diffeomorphism. Now, for an arbitrary p ∈ L, Φ t (p) can be defined in (a, b + η) and we obtain a contradiction.
If there were
, and it would be compact. Therefore Φ : (a, b) × L → M is an injective map and we obtain the desired result.
In the above proposition, if E is complete and a leaf is compact, then all leaves are compact, since given L p and L q there is a parameter t ∈ R such that Φ t : L p → L q and it is a diffeomorphism. In this situation (a, b) = R.
The following lemma is proved in a general form in [13] , but it does not include an explicit expression for the warping function. 
n−1 ds) and g 0 = g |L . If moreover ∇div E is proportional to E, then g is the warped product −dt 2 + f (t) 2 g 0 where f (t) = exp(
Fix q ∈ L and identify it with (0, q). If we take v, w ∈ T q L and call h(t) = g(Φ t * q (v), Φ t * q (w)) then h ′ (t) = 2a(Φ t (q))h(t). Therefore
If E is proportional to E then div E is constant on L and the lemma follows.
A timelike, irrotational and conformal vector field is characterized by the equation ∇ X U = a X for all vector field X, where a is certain function. We call λ = |U | and E = U λ from now on. Lemma 2.4. Let U be a timelike, irrotational and conformal vector field. Then
(1) ∇ X U = E(λ)X for all vector field X and λ is constant trough the orthogonal leaves of U . (2) If h is a constant function through the orthogonal leaves of U , then E(h) is constant through the orthogonal leaves of U . (3) E is irrotational, orthogonally conformal and ∇div E is proportional to E.
Proof. It is a straightforward computation.
Corollary 2.5. Let (M, g) be a Lorentzian manifold and U a timelike, irrotational and conformal vector field with complete unitary E. Then the map Φ : 
The vector field U = f (t, x)(
, where f (t, x) = 2 + Re(e i(t−x) ), is timelike, irrotational and conformal. In fact, take the orthogonal basis {X 1 , X 2 , X 3 } where
The curve γ intersects L in two different point for t = 0 and t = 2π. Hence M is not a global GRW space.
Now we obtain a global decomposition result which will be used later.
Proposition 2.7. Let M be a Lorentzian manifold and U a timelike, irrotational, conformal and non parallel vector field with complete unitary. Suppose one of the following is true
Proof. Take L an orthogonal leaf and γ(t) an integral curve of E with γ(0) ∈ L. If γ returned to L then λ(γ(t)) would be non constant and periodic, since Φ t is foliated and λ is constant through L. This is a contradiction if we suppose case one or two. Now we suppose △λ ≤ 0. A direct computation gives us −△λ = E(E(λ)) + (n − 1)
and non constant there exists t 0 < t 1 such that z ′ (t 0 ) = z ′ (t 1 ) = 0 and z ′ (t) = 0 for all t ∈ (t 0 , t 1 ). Suppose that z ′ > 0 in (t 0 , t 1 ) (the case z ′ < 0 is similar). Then for all t ∈ (t 0 + ε, t 1 ), where ε is small enough, we get
and we get a contradiction taking t → t 1 .
Therefore, in the three cases, the covering map Φ : R × L → M is injective and corollary 2.5 finishes the proof.
Remark 2.8. It is clear that we can drop the hypothesis U non parallel in the above proposition taking strict inequalities. On the other hand, if a GRW space R × f L verifies Ric( ∂ ∂t ) ≥ 0 then f is constant and ∂ ∂t is parallel, [15] . Hence we can not suppose Ric(U ) ≥ 0 instead of Ric(U ) ≤ 0 in the above proposition.
In [11] it was proven that a complete Lorentzian manifold with non negative constant scalar curvature which admits a timelike, irrotational, conformal and non parallel vector field is isometric to a global GRW space. Now we can get decomposition theorems on Lorentzian manifolds using Ricci curvature hypothesis.
Theorem 2.9. Let M be a complete and non compact Lorentzian manifold with n ≥ 3 and U a timelike, irrotational, conformal and non parallel vector field. If
Proof. If △λ ≤ 0 then we can apply proposition 2.7. Suppose that there exists a point p ∈ M with △λ(p) > 0 and call L the leaf through p. Take z ∈ L and v ∈ T z L an unitary vector. Since M is locally a warped product, a direct computation gives us
. But λ and △λ are constant through the orthogonal leaves, thus
Using the completeness of M and the theorem of Myers we conclude that L is compact. Lemmas 2.2 and 2.3 gives us that M is isometric to a GRW space.
Suppose now that λ is bounded from above. It is sufficient to show that there is a point p ∈ M such that △λ(p) > 0. Suppose that △λ ≤ 0. Since E is complete, X = λ n E is complete too. Indeed, if γ is an integral curve of E and β = γ • h of X, then the function h verifies the equation h ′ (t) = λ n (γ(h(t))) which has maximal solution defined on the whole R due to the boundness of λ. Now
is an integral curve of X and y(t) = λ(β(t)) then 0 ≤ y ′′ and it is bounded from above. Therefore y is constant and U would be parallel.
In the above theorem, if
⊥ and proposition 2.7 gives us the global GRW decomposition. If Ric(u) ≥ 0 for all timelike vector u then it is said that the timelike convergence condition holds (TCC) and if Ric(u) ≥ 0 for all lightlike vector u then it is said that the null convergence condition holds (NCC).
Theorem 2.10. Let M be a complete and non compact Lorentzian manifold with n ≥ 3 and U a timelike, irrotational, conformal and non parallel vector field. If M satisfies the NCC then it is isometric to a GRW space.
Assume the second one and take γ : R → M an integral curve of E. The function z(t) = ln
and M is isometric to a GRW space (corollary 2.5). Suppose now that there exists p ∈ M such that h(p) > 0 and take L the leaf through p. If v ∈ T z L is an unitary vector then v + E z is lightlike and a straightforward computation gives us
Then we get
. But λ and h are constant through the orthogonal leaves. Hence 0 < n−2
for all unitary v ∈ T L and we can conclude as in theorem 2.9.
Corollary 2.11. Let (L, g 0 ) be a non compact and complete Riemann manifold and M = S 1 × L endowed with a warped product metric −dt 2 + f (t) 2 g 0 . If the NCC holds then f is constant.
We can not suppose the less restrictive TCC condition in the above theorem because U would be parallel, see remark 2.8. But the TCC condition can be used to obtain a GRW decomposition in a necessarily incomplete manifold.
Proposition 2.12. Let M be a Lorentzian manifold and U a timelike, irrotational, conformal and non parallel vector field with compact orthogonal leaves. If
Proof. We can prove in the same way as in lemma 2.2 that the integral curves with initial value on an orthogonal leaf L all have the same maximal definition interval, say (a, b). Since E(E(λ)) ≤ 0 and λ is not constant it follows that (a, b) = R. Then, necessarily Φ : (a, b) × L → M is a diffeomorphism and lemma 2.3 finished the proof.
The Closed Friedmann Cosmological Model is an example of a manifold satisfying the hypotheses of the above proposition.
Causality hypotheses are frequently used in Lorentzian geometry, besides curvature hypotheses. Since the injectivity of Φ depends on the behavior of some timelike curves it seems natural to impose a causality condition to reach global decompositions. However, a hard condition as being globally hyperbolic is not sufficient to obtain a global product, as the following example shows. 
where f (t) = 4 + sin(2πt). Call Γ the isometry group generated by Ψ(t, x) = (t + 1, x + 1) and Π :M → M =M /Γ the projection. The vector field U = Π * (f ∂ ∂t ) is timelike, irrotational and conformal. The manifold M verifies any causality condition. In fact, Π ({(t, x) : t = x}) is a Cauchy hypersurface. But M does not split as a GRW, since any integral curve of E = U |U| intersects its orthogonal leaves at an infinite number of points.
With the chronological hypothesis we can obtain certain information about the fundamental group of the manifold. First we need the following lemma.
Lemma 2.14. Let M be a Lorentzian manifold and U a timelike, irrotational and conformal vector field with complete unitary E. If there exists t 0 > 0 and p ∈ M such that Φ t0 (p) ∈ L p , being Φ the flow of E, then
(2) If M is chronological, then the isometry group Γ generated by Φ t0 is isomorphic to Z and acts on M in a properly discontinuous manner.
Proof.
(1) Since U is irrotational and conformal it follows that L E g(X, Y ) =
If we take v, w ∈ T q M with v, w ∈ E ⊥ and call h(t) = g(Φ t * q (v), Φ t * q (w)), then the above equation can be written as h
Since λ is constant through the orthogonal leaves, we get g(Φ t0 * q (v), Φ t0 * q (w)) = g(v, w). Now, using that Φ t is foliated, it is easy to conclude that Φ t0 : M → M is an isometry.
(2) Suppose that the manifold is future oriented by the vector field E. We will construct for each
) ⊂ L q , where ε < t 0 is small enough to Φ : (−ε, ε) × f W → U be an isometry and W a normal neighborhood of q. Given Φ s (z) ∈ U , with z = exp q (v) ∈ W and s ∈ (−ε, ε), we can construct future timelike curves for t ∈ [0, 1]
(z) to q and from q to Φ ε 2 (z) respectively. If x, y ∈ U with y = Φ nt0 (x) and n ∈ N, then using the above curves, we can construct a broken closed timelike curve, in contradiction with the chronology hypothesis. Thus, Φ nt0 (U ) ∩ U = ∅ for all n ∈ Z − {0}.
Take the Riemannian metric g R = g + 2ω ⊗ ω. The group Γ is a group of isometries for g R too. Since g R is Riemannian, the existence of the above open set U for each q ∈ M is sufficient to show that the action of Γ in M is properly discontinuous.
Theorem 2.15. Let M be a chronological Lorentzian manifold and U a timelike, irrotational, conformal and non parallel vector field with complete unitary. Then M is a global GRW space or there is a Lorentzian covering map Ψ :
where L is an orthogonal leaf of U .
Proof. Suppose M is not a GRW space. Then there is p ∈ M such that div U p > 0 (proposition 2.7) and the integral curve Φ p (t) of E returns to L, the leaf of E ⊥ through p. We fix this p throughout the proof. Take t 0 = inf{t > 0 : Φ p (t) ∈ L} and call λ(t) = λ(Φ p (t)). Since λ ′ (0) = E(λ) p = 1 n div U p > 0 and λ is constant through the orthogonal leaves, we have t 0 > 0 and it is a minimum. Indeed, suppose it is not and take a sequence t n with t 0 < t n , Φ p (t n ) ∈ L and lim n→∞ t n = t 0 . Since λ ′ (t n ) = λ ′ (0) for all n ∈ N, it follows λ ′ (t 0 ) > 0, but this is a contradiction with λ(t n ) = λ(0) for all n ∈ N and therefore Φ p (t 0 ) ∈ L. Applying the above lemma, Γ acts on M in a properly discontinuous manner.
Take the quotient manifold M/Γ and the canonical projection P : M → M/Γ. Since Φ t0 preserves the vector field U , there is a timelike, irrotational and conformal vector field W on M/Γ such that P * (U ) = W. If we call F = W |W | , then its integral curves are P (Φ t (x)). Thus it is easy to check that the integral curves of F intersect the leaf of F ⊥ given by N = P (L) at only one point and they are t 0 -periodic. Then, from the Lorentzian covering (R×N, −dt 2 +f 2 g N ) → M/Γ given in corollary 2.5 we can construct an isometry (
With this identification,
for all x ∈ L and t ∈ R. Now, π 1 (M ) is isomorphic to the kernel of the map Θ : (1) andγ is a lift of γ through P : M → S 1 × N starting at p, [7] . Identifying Γ and π 1 (S 1 ) with Z, the map Θ verifies Θ(n, [0]) = n and Θ(0, [γ]) = n, where Φ nt0 (p) =γ (1) andγ is a lift of γ. Since the isometry Φ t0 : M → M can be restricted to an isometry Φ t0 : L → L, it is easy to show that the restriction of P to L, P 0 : L → N is a normal covering map with Γ ≃ Z as deck transformation group, hence π 1 (N ) = Z ⊕ π 1 (L), [7] . Notice that this identification works as follows: Ifα is a curve in
Taking into account all these identifications we can consider Θ :
It is easy to show that Θ(1, 0, 0) = Θ(0, 1, 0) = 1 and
Recall that M is isometric to a GRW if and only if π 1 (L) = π 1 (M ). This theorem says that if M is chronological only two possibilities can occur:
Perfect Fluids
A Lorentzian four dimensional manifold M is called a perfect fluid if there is an unitary timelike vector field E and ρ, η ∈ C ∞ (M ) (the energy and pressure) such that the stress-energy tensor is T = (ρ + η)ω ⊗ ω + ηg, or equivalently Ric = (ρ + η)ω ⊗ ω + 1 2 (ρ − η)g. It is well known that any Robertson-Walker space is a perfect fluid, [12] . More specifically, if we denote ρ ′ and η ′ the derivative along E, we have 
Proof. It is a straightforward computation.
A natural question is what conditions on a perfect fluid make it a global RobertsonWalker space, [5, 6] . Using the decomposition theorems of the previous section we can give an answer to this question. First we need a preliminary lemma. , p) , B(t, p)) be a deck transformation. Since it is an isometry and preservesẼ, it is easy to show that ψ(t, p) = (t + k, B(p)) and f (t+k) f (t) = a for all t ∈ R, being a and k certain constants. SinceM is complete, [15] 
Thus a = 1 and f (t+k) = f (t) for all t ∈ R. The vector fieldŨ = f ∂ ∂t is irrotational and conformal and it is preserved by the deck transformations. Thus there exists a vector field U on M irrotational and conformal such that E = U |U| .
Example 3.3. The above lemma does not hold if M is not complete. Consider M = R × R 2 , with the metric g = −dt 2 + e t (dx 2 + dy 2 ), and Γ the isometry group generated by φ(t, (x, y)) = (t + 1, e − 1 2 (x, y)). Then there exists a vector field E on M =M /Γ which verifies the hypotheses of the lemma but there is not U irrotational and conformal with E = U |U| . Otherwise, the lift toM of U would be e Observe that in a RW perfect fluid R × f L both functions η and ρ can be expressed in terms of the warping function f , [12] , and therefore it is barotropic in the open set dρ dt = 0. The following theorem shows that this condition together with the relation between the energy and the pressure obtained in lemma 3.1 give rise to the global decomposition as a RW space.
Theorem 3.4. Let M be a non compact spacetime with a barotropic perfect fluid (E, ρ, η) such that E is geodesic,
then either M is incomplete or a global Robertson-Walker space.
Proof. We first show that E is irrotational, that is, dω = 0. From the force equation g(X, ∇η) = −(ρ+η)∇ E E for all X ∈ E ⊥ we get dη = h w, being h certain function, and −X(h) = X(g(E, ∇η)) = g(E, ∇ X ∇η) = g(X, ∇ E ∇η) = 0.
Hence 0 = dh ∧ ω + h dω = h dω. Thus, to show dω p = 0 it is enough to consider a critical point p of η. Call η(t) = η(γ(t)) and ρ(t) = ρ(γ(t)) where γ is the integral curve of E with γ(0) = p. Then η ′ = 0 if and only if ρ ′ = 0. If ρ ′ (t) = 0 for all t ∈ (−ε, ε) then ρ + 3η = 0 in contradiction with
Thus there is a sequence t n converging to 0 with ρ ′ (t n ) = 0 and therefore dω p = 0. Now, the endomorphism A : E ⊥ → E ⊥ given by A(X) = ∇ X E is self-adjoint and a straightforward computation give us Ric(E) = −E(div E) − A 2 . From this and the energy equation
ρ+η , we get
Then A = div E 3 id and E is orthogonally conformal. It follows from the energy equation that div E is constant through the orthogonal leaves, hence ∇div E is proportional to E. Suppose M is complete, then lemma 3.2 says that there exists U irrotational and conformal such that E = U |U| . If U were parallel then M would be locally a direct product, which implies that ρ is constant, [12] . Now, using the expression of the Ricci tensor of a perfect fluid at the beginning of this section, if ρ + η < 0 apply theorem 2.9 and if ρ + η > 0 apply theorem 2.10.
Lightlike sectional curvature of a Lorentzian manifold
Let M be a Lorentzian manifold and E a timelike and unitary vector field. We can define a curvature for degenerate planes as follows, [8] . Take Π a degenerate plane and a basis {u, v}, where u is the unique lightlike vector in Π with g(u, E) = 1. We define the lightlike sectional curvature of Π as
This sectional curvature depends on the choice of the unitary timelike vector field E, but its sign does not change if we choose another vector field. In fact, if E ′ is another unitary timelike vector field then
where u ∈ Π is the unique lightlike vector such that g(u, E) = 1. Thus, it makes sense to say positive lightlike sectional curvature or negative lightlike sectional curvature.
If E is geodesic, n > 3 and K E is a never zero point function then M is locally a Robertson-Walker space where E is identified with ∂ ∂t , [9, 10] . Therefore E is irrotational, orthogonally conformal and ∇div E is proportional to E and it follows from lemmas 2.1 and 2.3 that M is covered by a RW space R× L. As an application of the decomposition results presented above, we obtain conditions on the lightlike sectional curvature which ensure the global decomposition of M as a RobertsonWalker space. First, we give some relations between lightlike sectional curvature and Ricci curvature. 
where {e 1 , ..., e n−2 } is an orthonormal basis of u ⊥ ∩ E ⊥ .
Lemma 4.2. Let M = I × f L be a GRW space and u a lightlike vector such that g(u,
Proof. It is a straightforward calculation. If L has constant sectional curvature, then K ∂ ∂t is a point function and the above lemma gives us Ric(u) = (n− 2)K ∂ ∂t (Π).
If we call y = ln f then
0)t+y(0) < ∞ and we conclude from [15] that M is lightlike incomplete. Proof. As we said at the beginning of this section, M is covered by a RW space R × L. From lemmas 4.2 and 4.3, L has positive constant curvature and therefore is compact. Now, we apply lemma 2.2.
Theorem 4.5. Let M be a non compact and complete Lorentzian manifold with n > 3 and E a timelike, unitary and geodesic vector field. Suppose that the lightlike sectional curvature K E is a never zero point function such that 1 n−2 Ric(E) < K E . Then M is isometric to a Robertson-Walker space.
Proof. From lemma 3.2 there exists U irrotational and conformal such that E = U |U| . If U were parallel then Ric(E) = 0 and the above proposition give us the desired result. If U is not parallel, take v, w ∈ E ⊥ unitary and orthogonal vectors. Then Π = span(−E + w, v) is a degenerate plane and applying lemma 4.2 we get Ric(−E + w) = (n − 2)K E (Π). Since M is locally a RW space, Ric(−E + w) = Ric(E) + Ric(w). Therefore Ric(w) > 0 for all w ∈ E ⊥ and we can apply theorem 2.9.
Timelike hypersurfaces of a local GRW space
Spacelike hypersurfaces are widely studied in General Relativity due to their role as initial data hypersurfaces in the Cauchy problem. On the other hand, a k-dimensional timelike submanifold can be interpreted as the history of a (k-1)-dimensional spacelike submanifold. Timelike totally umbilic hypersurfaces are called photon surfaces and were studied in [3] . In this section we show that in a local GRW spaces, photon surfaces are global GRW spaces under certain curvature condition.
Lemma 5.1. Let M be a Lorentzian manifold and E a timelike and unitary vector field. If S is a timelike totally umbilic hypersurface and u ∈ T S is a lightlike vector with g(u, E) = 1, then
where {e 1 , ..., e n−3 } is an orthonormal basis of u
Proof. Suppose that II(X, Y ) = g(X, Y )N for all X, Y ∈ T S. Take u ∈ T S a lightlike vector such that g(u, E) = 1 and {v 1 , ..., v n } an orthonormal basis with v n the unitary of N . By the Gauss equation and the fact that u is lightlike
Now, take {e 1 , ..., e n−2 } an orthonormal basis of u ⊥ ∩ E ⊥ such that e n−2 is the unitary of the projection of N on u ⊥ ∩ E ⊥ . Then span(u, v n ) = span(u, e n−2 ) and using lemma 4.1 , e i ) ). In the following theorem we denote K the lightlike sectional curvature for some timelike unitary vector field. Theorem 5.2. Let M be a Lorentzian manifold with n ≥ 4 and U a timelike, irrotational and conformal vector field. If S is a timelike, non compact, complete and totally umbilic hypersurface of M with never zero mean curvature such that K(Π) ≥ 0 for all degenerate plane Π tangent to S, then S is a global GRW space.
Proof. Suppose ∇U = a · id and II(X, Y ) = g(X, Y )N for all X, Y ∈ T S, where N is the mean curvature vector field of S. If U = α N |N | + W , where W ∈ T S, then it follows that ∇ S X W = (a + g(N, U ))X for all X ∈ T S, i.e. W is irrotational and conformal in S.
Suppose first that W is parallel in S, that is, a = −g(N, U ). Call c = g(W, W ) and take the function on S given by h(p) = g(U, U ) which is constant on the orthogonal leaves of W . On the other hand, W (h) = 2ac and (N,N ) ) 2g(N,N ) . If γ is an integral curve of W and h(t) = h(γ(t)), then h ′′ (t 0 ) > 0 at each critical point t 0 of h, showing that h can not be periodic. Therefore γ intersects each orthogonal leaf of W for only one value of its parameter and corollary 2.5 gives us that S is globally a direct product.
Suppose now that W is not parallel. The above lemma shows that S satisfies the NCC condition, and theorem 2.10 finishes the proof. In general, it is a difficult question to check the completeness of a timelike hypersurface S of a complete Lorentzian manifold M . In the case of totally umbilic hypersurfaces of a GRW we can give a simple criterium.
If U is a timelike vector field on M , we can define the hyperbolic angle θ ∈ [0, ∞) between S and U as the hyperbolic angle between U and the projection of U in S. More explicitly, if N 0 is the unitary normal to S and U = αN 0 + W, W ∈ N ⊥ 0 , then θ is characterized by and γ is an integral curve of F . We can suppose without loss of generality |W | γ(0) = 1. Since S is totally umbilic, its lightlike geodesics are geodesics of R × L, thus S and R × h Q are lightlike complete and hence Q is complete. If we show that
then R × h Q is complete and so is S, [15] . Let T : R × L → R be the projection and consider the diffeomorphism ρ = T • γ : R → R. Then Since Π is tangent toS, the structure of (∇F )
⊥ implies that v ∈ T S 2 and the relation g(u, ∇F ) = 0 that w = − 1 2f
If we consider now S = ̺(S), applying theorem 5.2, it is a global GRW space. is a complete Lorentzian manifold with constant negative curvature, then S is totally umbilic, [12] . On the other hand, the Gauss equation implies that it has never zero mean curvature vector. Using the corollary, S is globally a GRW space. But a GRW space of constant negative curvature is incomplete, [15] .
Uniqueness of GRW space decompositions
In [4] , the uniqueness of direct product decompositions of a Riemannian manifold is studied, where only products into indecomposable factors are considered and the uniqueness is understood in the following sense: a direct product decomposition into indecomposable factors is unique if the corresponding foliations are uniquely determined. Euclidean space admits more than one direct product decomposition, but this is essentially the only Riemannian manifold with this property.
In this section we deal with the uniqueness of GRW decompositions. In this case, foliations are induced by a timelike, irrotational and conformal vector field, so it is sufficient to study how many such vector fields can exists on a Lorentzian manifold, up to scalar multiplication. Lemma 6.2. Let M be a complete Riemannian manifold with n ≥ 2 and X an irrotational and conformal vector field. Call
It is known that X has at most two zeroes, [14] . Suppose ∇X = a · id. Then ∇a = F (a)F = F (F (σ))F = −c 2 σF = −c 2 X and Hess a = −c 2 a g in M . Using ( [14] , Theorem 2, III) we conclude that M is a sphere of curvature c 2 .
The following theorem shows that the sign of the lightlike sectional curvature is an obstruction for the existence of more than one GRW decomposition. In addition, we show that the de Sitter space is the unique complete Lorentzian manifold with more than one non trivial GRW decomposition. Theorem 6.3. Let M be a Lorentzian manifold with n ≥ 3 and U a timelike, irrotational and conformal vector field. If there exists another irrotational and conformal vector field W , without zeros and linearly independent to U at some point p ∈ M , then (1) There are degenerates planes Π of T p M such that K E (Π) = 0, being E the unitary of U . (2) If U is not parallel and M is complete then it is isometric to a de Sitter space.
(1) Suppose ∇W = b · id and W = αE + X, where X ∈ E ⊥ . Call −λ 2 = g(U, U ), σ 2 = g(X, X), A = {p ∈ M : σ(p) = 0} and define in A the vector field F = X σ .
Since ∇ E X = (b − E(α))E and 0 = Eg(X, E) = g(∇ E X, E) we have b = E(α) and ∇ E X = 0. Now, ∇ X X = ∇ X (W − αE) = (b − αE(ln λ))X − X(α)E, and taking derivative along X in σ 2 = g(X, X) we have F (σ) = b − αE(ln λ). Thus we get the equation E(α) = αE(ln λ) + F (σ). On the other hand, F (α) = −σE(ln λ).
Taking derivative along E in σ 2 = g(X, X) we get E(σ) = 0 and we can easily check that [E, λF ] = 0. From the expression E(λF (α)) = λF (E(α)) we obtain the equation (1) F (F (σ)) = −σE(E(ln λ)).
Take p ∈ A and call λ(t) = λ(γ(t)) and σ(s) = σ(ζ(s)), where γ is the integral curve of E and ζ of F through p. Then M is locally isometric to ((−ε, ε)×L p , −dt (2) Suppose now that M is complete and take γ : R → M an integral curve of E with γ(0) = p ∈ A. Since E(σ) = 0 we have that γ(t) ∈ A for all t ∈ R. Then, using [E, λF ] = 0, there is a constant k such that F (F (σ))(γ(t)) = − In the case dim M = 2, M complete and U non parallel, the orthogonal leaves of U are trivially isometric to (R, dx 2 ) or (S 1 , dx 2 ). We can obtain as in the above proof that λ(t) = Cosh( √ kat+b) b and therefore M is isometric to the 2-de Sitter space or its universal covering. 
